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Abstract
Let M be a symplectic manifold, equipped with a semi-free symplectic circle action with a "nite, non-empty
"xed point set. We show that the circle action must be Hamiltonian, and M must have the equivariant
cohomology and Chern classes of (P1)n. ( 1999 Elsevier Science Ltd. All rights reserved.
1. Introduction
Let (M2n, u) be a compact, connected symplectic manifold of dimension 2n. A circle action on
M is symplectic if it preserves the symplectic form; that is, if its generating vector "eld X satis"es
‚
X
u"di
X
u"0. A particular case is that of a Hamiltonian circle action, where i
X
u is exact; in this
case i
X
u"dk where k3C=(M) is the moment map. A great deal is known about Hamiltonian
actions. For example, the quantization and the push-forward measure are determined by "xed
point data, and other manifold invariants such as cohomology and Chern classes are constrained
by this information.
A Hamiltonian circle action on a compact manifold must have "xed points (one way to see this is
that the minimum of the moment map must be a "xed point). In the case of a Kahler manifold [4],
or of a four-dimensional symplectic manifold [8], the existence of a "xed point guarantees that
a symplectic circle action must in fact be Hamiltonian. This is not true in higher dimensions:
McDu! [8] has constructed a symplectic six-manifold with a symplectic circle action which has
"xed points, but is not Hamiltonian. In this example the "xed point sets are tori; and there are no
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known examples of symplectic, non-Hamiltonian circle actions with isolated "xed points. A natural
question is whether any such examples can exist.
In this paper we focus on the case of semi-free circle actions, and show that any semi-free,
symplectic circle action with isolated "xed points is Hamiltonian if and only if it has a "xed point.
Recall that an action of a group G on a manifold M is semi-free if the action is free on MCMG.2 Our
main result is the following.
Theorem 1. ‚et (M2n, u) be a compact, connected symplectic manifold, equipped with a semi-free,
symplectic circle action with isolated ,xed points. „hen if MSÇ is non-empty, the circle action must be
Hamiltonian.
We prove this in Section 3 by an argument using integration in equivariant cohomology.
Theorem 1 brings us to the realm of Hamiltonian circle actions. Though a great deal is known
about these, the general classi"cation problem for Hamiltonian S1 spaces remains open. However,
they have been classi"ed in dimensions 2 and 4 ([3]; [1], [2]). In particular, up to symplectomor-
phism, P1 is the only two-dimensional example, and (P1)2 is the only four-dimensional symplectic
manifold with a semi-free Hamiltonian circle action with isolated "xed points. In higher dimen-
sions, much less is known: in the semi-free case with isolated "xed points, the only example we
know of is (P1)n, equipped with the diagonal circle action. As it turns out, the classical manifold
invariants } that is, cohomology and Chern classes } of any such space must concord with those of
(P1)n.3 Speci"cally, we prove the following theorem, which is an equivariant version of Theorem
(1.2) below, due to Hattori [5].
Theorem 2. ‚et (M, u) be a compact, connected symplectic manifold, equipped with a semi-free,
Hamiltonian circle action with isolated ,xed points. ‚et i : MSÇPM, j : ((P1)n)SÇP(P1)n denote the
natural inclusions of the ,xed point sets of M and (P1)n, respectively.
„here exists a map from MSÇ to ((P1)n)SÇ which identi,es the images of i* :H*
SÇ
(M, Z)PH*
SÇ
(MSÇ, Z)
and j* :H*
SÇ
((P1)n, Z)PH*
SÇ
(((P1)n)SÇ, Z). „his map sends the images of the equivariant Chern classes of
M to those of (P1)n.
For any compact symplectic manifold M with a Hamiltonian circle action, a theorem of Kirwan
[7] states that the natural inclusion map i : MSÇPM of the "xed set MSÇ into M induces an
injection i* : H*
SÇ
(M, Q)PH*
SÇ
(MSÇ, Q)"H*
SÇ
(MSÇ, Q)?H*(BS1, Q). In the case of a circle action
with isolated "xed points, this injectivity theorem holds for integral cohomology as well (see [9]).
Thus Theorem (2) has the following corollaries.
Theorem 1.1. „here is an isomorphism between H*
SÇ
(M, Z) and H*
SÇ
((P1)n, Z) which takes the
equivariant Chern classes of M to the equivariant Chern classes of (P1)n.
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Thus the equivariant cohomology ring is given by H*
SÇ
(M, Z)"Z[a
1
,2, an, y]/(aiy!a2i ), and
the equivariant Chern series c
t
(M)"+
i
tic
i
(M) is given by
c
t
(M)"<
i
(1#t (2a
i
!y)).
Theorem 1.2 (Hattori [5]). „here is an isomorphism between H*(M, Z) and H*((P1)n, Z) which takes
the Chern classes of M to the Chern classes of (P1)n.
Thus, the cohomology ring is given by H*(M, Z)"Z[a
1
, 2, an]/(a2i ), and the Chern series is
given by
c
t
(M)"<
i
(1#t2a
i
).
Remark 1.3. In dimension 6, M must be di!eomorphic to (P1)3. This follows by a theorem of Wall
[10] since M is a simply connected symplectic manifold with the cohomology ring and Chern
classes of (P1)3.
The basic idea underlying the proof of Theorem 2 is the use of Morse theory and integration in
equivariant cohomology to obtain a good picture of the cohomology ring of the manifold in terms
of the "xed point set. This argument is given in Section 4.
Our "nal result shows that the reduced spaces of any semi-free Hamiltonian S1-space with
isolated "xed points have the cohomology rings and Chern classes of the reduced spaces of (P1)n.
This corollary of Theorem 2 and of the results of [9] is stated in Section 5 (Corollary 1).
2. Equivariant cohomology
In this section we review equivariant cohomology. The integration formula (Proposition 2.1) is
the main technical tool in this paper, and will occur repeatedly.
Let ES1 denote a contractible space on which S1 acts freely. Let BS1"ES1/S1, and note that
H*(BS1, Z) is the polynomial ring in a single generator x3H2(BS1, Z).
If S1 acts on a manifold M, de"ne H*
SÇ
(M, Z)"H*(M]
SÇ
ES1, Z). In particular, if P is a point,
H*
SÇ
(P, Z) is naturally isomorphic to H*(BS1, Z); we will slightly abuse notation by identifying these.
The projection p :M]
SÇ
ES1PBS1 induces a pull-back map H*(BS1, Z)PH*
SÇ
(M, Z); this
makes H*
SÇ
(M, Z) into a H*(BS1, Z) module. The projection p also induces a push forward map
p
*
: H*
SÇ
(M, Z)PH*(BS1, Z) given by &&integration over the "bre''; we will usually denote p
*
by the
symbol :
M
. When M is compact and the "xed points are isolated, this has the following expression:
Proposition 2.1. ‚et M be a compact manifold equipped with an action of S1 with isolated ,xed points.
‚et a3H*
SÇ
(M, Z). „hen as elements of Q(x),
P
M
a"+
F
aD
F
e (l
F
)
,
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where the sum is taken over all ,xed points F, (l
F
) is the normal bundle to F and e(l
F
) is the equivariant
Euler class of this bundle.
The right-hand side of this equation is particularly simple in the case where M has an invariant
almost complex structure. The computation of the Chern classes of l
F
is then given by the following
lemma.
Lemma 2.2. ‚et E be a representation of S1, considered as complex S1-equivariant vector bundle over
a point P. „he representation E decomposes as a direct sum E"aE
i
(w
i
), where E
i
(w
i
) is a complex
line on which the circle acts with weight w
i
. „he equivariant Chern series c
t
(E)"+
i
tic
i
(E) is given by
c
t
(E)"<
i
(1#tw
i
x),
where x is the generator of H2
SÇ
(P, Z).
In particular, the Euler class of a representation is xn times the product of the weights of the circle
action, and the "rst Chern class is x times the sum of the weights.
3. Existence of the moment map: proof of Theorem 1
In this section, we prove Theorem 1. We do this by applying the integration formula of
Proposition 2.1 to the characteristic classes of our manifold to prove that if the manifold has any
"xed points, then it has a "xed point with no negative weights. The following argument of McDu!
[8] then shows that this implies that the action is Hamiltonian.
First, the symplectic form can be deformed to a rational invariant symplectic form. Furthermore,
a symplectic manifold equipped with a symplectic circle action can be given a compatible invariant
almost-complex structure. Although this almost-complex structure is not unique, both the Chern
classes and the weights at every "xed point are well-de"ned. By Lemma 3.1 below, if M has any
"xed points it has a "xed point F with no negative weights.
In the case of a manifold with an invariant rational symplectic form, the circle action will possess
a circle-valued moment map. Since the "xed point F is a local minimum for this circle-valued
moment map, it must lift to a real-valued moment map. This real-valued moment map is a Morse
function with only even index critical points, so our manifold is simply connected. Therefore, any
symplectic circle action on M is Hamiltonian.
It remains to prove Lemma 3.1.
Note that since the "xed points are all isolated, none of the weights on the normal bundles to the
"xed points can be zero. Additionally, since the action is semi-free, all these weights are $1.
Lemma 3.1. ‚et M2n be a compact manifold equipped with a semi-free circle action with isolated ,xed
points. Suppose M has an invariant almost-complex structure. ‚et N
k
denote the number of ,xed
points of the circle action with k negative weights. „hen for all k with 0)k)n
N
k
"N
0
n!
k!(n!k)! .
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Proof. Let P be a point, and let x be the generator of H2
SÇ
(P, Z). Let y3H2
SÇ
(M, Z) be the pull-back
of x to M by the map p :MPP. Consider the equivariant cohomology class c"1/2(ny!c
1
(„M)) .
For dimensional reasons, for any l with 0)l(n,
P
M
cl"0.
Applying the equivariant integration formula of Proposition 2.1 yields
P
M
cl"+
F
clD
F
e(l
F
)
,
where e(l
F
) is the equivariant Euler class of the tangent bundle at F and the sum is over all "xed
points F.
For every "xed point F, let k
F
be the number of negative weights of the circle action on the
normal bundle l
F
. Applying Lemma 2.2, we see that
cD
F
"k
F
x and e(l
F
)"(!1)kF xn.
Thus for all l with 0)l(n,
+
F
(k
F
)l (!1)kF"0.
Equivalently, for all l with 0)l(n,
n
+
k/0
N
k
kl (!1)k"0. (1)
De"ne an n](n#1)-dimensional matrix < whose entries are given by
<
i, j
"j i
for 0)i(n and 0)j)n. Since this matrix consists of the "rst n rows of a non-singular
(n#1)](n#1) Vandermonde matrix, it has rank n.
Let A be the column vector whose entries are A
k
"(!1)kN
k
. Eq. (1) can be written as a matrix
equation
<A"0.
Up to multiplication by a constant, there is a unique solution to Eq. (1). Moreover, the "xed
point data of (P1)n is a solution. K
Remark 3.2. Our methods generalize to the case of non-semi-free circle actions with "nite non-
empty "xed point sets and give constraints on the possible "xed point data of such actions. In the
semi-free case above these constraints eliminate all non-Hamiltonian examples. In the general case,
some possibilities cannot be ruled out by our methods. For example, we cannot rule out the
existence of a symplectic six-manifold, equipped with a symplectic circle action which has two "xed
points, with the action having weights (1, 1, !2) on the normal bundle to one "xed point and
(!1, !1, 2) on the normal bundle to the other.
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4. The cohomology ring: proof of Theorem 2
In this section we prove Theorem 2. The method of proof again involves the equivariant "xed
point formula (Proposition (2.1), but this time we apply the formula not only to the Chern classes of
the manifold M but also to additional classes. To construct these classes we use the following
theorems, which are proved using Morse theory.
Theorem 4.1 (Frankel [4] and Kirwan [7]). ‚et a circle act on a symplectic manifold M with
moment map k :MPR. „hen the moment map k is a perfect Morse function on M (for both ordinary
and equivariant cohomology). „he critical points of k are the ,xed points of M, and the index of
a critical point F is precisely twice the number of negative weights of the circle action on „M
F
.
Theorem 4.2 (Kirwan [7]). ‚et a circle act on a symplectic manifold M in a Hamiltonian fashion. ‚et
i : MSÇPM denote the natural inclusion. „he induced map i* :H*
SÇ
(MSÇ, Q)PH*
SÇ
(M, Q) is injective.
More precisely, we need to take the following result from Kirwan's proof of Theorems 4.1 and 4.2
([7], see also [9]). For simplicity, we restrict our attention to the case of circle actions with isolated
"xed points.
Theorem 4.3. ‚et a circle act on a symplectic manifold M in a Hamiltonian fashion with isolated ,xed
points. ‚et F be any ,xed point of index 2k. ‚et w
1
, 2, wk be the negative weights of the circle action
on „M
F
. „hen there exists a class a
F
3H2k
SÇ
(M, Z) such that a
F
D
F
"(!1)kxk <k
i/1
w
i
and a
F
D
F{
"0 for
all ,xed points F@ of index less than 2k. Moreover, taken together over all ,xed points, these classes are
a basis for the cohomology H*
SÇ
(M, Z) as a H*(BS1, Z) module.
=hen the action is semi-free, there is a unique way to choose the class a
F
so that a
F
D
F{
"0 for all
other ,xed points F@ of index less than or equal to 2k.
The "rst step is to analyze these cohomology classes on (P1)n. Our strategy will then be to show
their counterparts on M mimic their behavior. Each "xed point in (P1)n is on the north pole of some
set of spheres, and on the south pole for all the other spheres. Thus, if we identify the spheres with
the integers 1 through n, the "xed points qi
k
of index 2k are in one-to-one correspondence with
subsets JLM1, 2 , nN with k elements. Consider two "xed points F and F@, which correspond to
subsets J and J@ of M1, 2 , nN, with k and k@ elements, respectively. Let aF be the cohomology class
associated to F as in Theorem 4.3. Then it is easy to see that a
F
D
F{
"xk if JLJ@, otherwise a
F
D
F{
"0.
We now study the cohomology group H2
SÇ
(M, Z) . Denote by pi
k
the critical points of index 2k in
M. By Theorem 4.3, for each 1)j)n, we can "nd a class a
j
such that
a
j
D
p j1
"x,
a
j
D
F
"0 for all other critical points F of index 0 or 1. (2)
In the remainder of this section, we will prove that these forms satisfy the following proposition.
Proposition 4.4. ‚et J be a subset of M1, 2 , nN with k elements. „here exists a unique ,xed point F of
index 2k such that a
j
D
F
"x if and only if j3J, and a
j
D
F
"0 otherwise.
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By identifying the "xed points of M with subsets of M1, 2, nN, this proposition gives an
isomorphism between the "xed point set of M and the "xed point set of (P1)n. We claim that this
map identi"es the images of i*: H*
SÇ
(M, Z)PH*
SÇ
(MSÇ, Z) and j*: H*
SÇ
((P1)n, Z)PH*
SÇ
(((P1)n)SÇ, Z),
and also identi"es the images of the equivariant Chern classes.
First, this map sends the classes a
i
to the classes a
i
:"a
qÇ
i
. More generally, let F be any "xed point
of index 2k
F
, and let J
F
be the corresponding subset of M1, 2 , nN. The cohomology class
a
F
"<
j|JF
a
j
is the unique class which restricts to xk on F, and to 0 on all other "xed points of index
less than or equal to 2k
F
. Now for any other "xed point F@ with an associated subset J
F{
, a
F
D
F{
"xkF
exactly if J
F
LJ
F{
, and otherwise a
F
D
F{
"0. Since the same is true for the a
F
, this map also takes the
classes a
F
to the classes a
F
. Since these classes form a basis for the cohomology as a H*(BS1, Z)
module, this proves the "rst claim.
Moreover, the restriction of an equivariant Chern class of any manifold to the "xed point set is
the equivariant Chern class of the normal bundle to that "xed set. For isolated "xed points, this
class is determined by the weights of the circle action on the normal bundle. Since this map takes
every "xed point in M to "xed point in (P1)n with the same weights, it takes equivariant Chern
classes to equivariant Chern classes.
Thus, it remains to prove Proposition 4.4. To do this we will repeatedly use the following
generalization of the technique used in the last section.
Lemma 4.5. ‚et M be a compact symplectic manifold with a semi-free Hamiltonian circle action with
isolated ,xed points. ‚et d3H2l
SÇ
(M, Z) and d3H2l
SÇ
((P1)n, Z) be equivariant cohomology classes of
degree 2l.
If there exist l#1 integers k with 0)k)n such that
+
i
dD
pik
"+
i
dD
qik
,
then for all integers k with 0)k)n,
+
i
dD
pik
"+
i
dD
qik
.
Here, the sum is always taken over all ,xed points of index 2k.
Proof. For dimensional reasons, for all i with 0)i(n!l,
P
M
d ) ci"0.
On the other hand, applying the formula in Proposition 2.1,
P
M
d ) ci" n+
k/0
+
i
dD
pjk
kixi
(!1)k xn .
Thus, for all i with 0)i(n!l,
n
+
k/0
+
i
(!1)kdD
pik
ki"0. (3)
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De"ne a matrix <n~l which has n!l columns and n#1 rows, and with entries given by
<n~l
ij
"ji, where 0)i)n and 0)j(n!l. The matrix <n~l consists of the "rst n!l rows of an
(n#1)](n#1) Vandermonde matrix.
De"ne a column vector D by
D
k
"(!1)k+
i
dD
pik
for all 0)k)n, where the sum is taken over all "xed points of index 2k. Then Eq. (3) is equivalent
to the matrix equation
<n~lD"0.
Similarly, de"ne a column vector * by *
k
"(!1)k +
i
dD
qik
for all k with 0)k)n, where the sum
is taken over all "xed points of index 2k. An argument identical to that given above shows that the
vector * satis"es the matrix equation <n~l*"0.
Finally, by assumption, there are l#1 integers 0)k)n such that D
k
"*
k
. The remaining
entries of the di!erence D!* form an (n!l) -dimensional column vector which lies in the kernel
of a non-singular (n!l)](n!l)-dimensional Vandermonde matrix. Thus D"*. K
Lemma 4.6. For any 1)j)n and 0)k)n,
+
i
a
j
D
pik
" (n!1)!
(k!1)!(n!k)! x,
where the sum is taken over all ,xed points of index 2k. In particular, since there is only one ,xed point
of index 2n,
a
j
D
p1n
"x. (4)
Proof. We apply Lemma 4.5 to the cohomology classes a
j
and a
j
. By construction, a
j
D
p10
"0 and
+
i
a
j
D
pi1
"a
j
D
pj1
"x"+
i
a
j
D
qi1
. This gives us the necessary agreement on two coordinates. K
Lemma 4.7. For any 0)j)n and 0)k)n,
+
i
(a
j
D
pik
)2" (n!1)!
(k!1)!(n!k)! x2,
where the sum is taken over all ,xed points of index 2k.
Proof. We apply Lemma 4.5 to the cohomology classes (a
j
)2 and (a
j
)2. By construction,
(a
j
D
p10
)2"0"(a
j
D
q10
)2 and +
i
(a
j
D
pi1
)2"(a
j
D
pj1
)2"x2"+
i
(a
j
D
qi1
)2. Finally, by Eq. (4), (a
j
D
p1n
)2"x2. This
gives us the necessary agreement on three coordinates. K
Combining Lemmas 4.6 and 4.7, we see:
Lemma 4.8. „he restriction a
i
D
F
is equal to 0 or x for all i and all ,xed points F.
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In order to prove Proposition 4.4, we will need to introduce some new cohomology classes.
Given a "xed point F of index 2k
F
, there exists a unique cohomology class b
F
such that b
F
D
F
"xn~kF,
and bD
F{
"0 for all other "xed points F@ whose index is greater than or equal to 2k
F
. (The proof of
this function is essentially identical to the proof of Theorem 4.3, except in this case the Morse
function is !k.)
Lemma 4.9. ‚et F be any ,xed point of index 2k
F
, and let b
F
3Hn~kF
SÇ
(M) be de,ned as above. „hen
a
j
D
F
xn~kF"b
F
D
pÇj
x.
Proof. Pick any "xed point FI of index 2k
F
in (P1)n such that a
j
D
FI
"a
j
D
F
, and let
b
FI
3Hn~kF
SÇ
(((P1)n), Z) be the corresponding cohomology class. We apply Lemma 4.5 to
a
j
) b
F
3H2n~2kF`2(M, Z) and a
j
) b
FI
. By construction, a
j
vanishes on the unique "xed point of index
0, whereas b
F
vanishes on all "xed points of index greater than k
F
. Thus,
+
i
a
j
D
pi
k
) b
F
D
pi
k
"+
i
a
j
D
qi
k
)b
FI
D
qi
k
"0
for k"0, or k
F
(k)n. Also,
+
i
a
j
D
pi
kF
) b
F
D
pi
kF
"a
j
D
F
) b
F
D
F
"a
j
D
F
"a
j
D
FI
.
This gives the required agreement on n!k
F
#2 coordinates.
Therefore,
+
i
a
j
D
piÇ
) b
F
D
piÇ
"a
j
D
pjÇ
) b
F
D
pjÇ
"a
j
D
pjÇ
) b
F
D
pjÇ
,
and the result follows. K
Proposition 4.4 will follow from the two lemmas below.
Lemma 4.10. For each ,xed point F of index 2k
F
, there exist precisely k
F
numbers j3M0, 2nN such
that (a
j
)
F
"x.
Proof. Pick any "xed point FI in (P1)n of index 2k
F
. Let b
F
3H2(n~kF)
SÇ
(M) and b
FI
3H2(n~kF)
SÇ
((P1)n) be
the classes associated to F and FI , respectively. We apply Lemma 4.5 to b
F
and b
FI
. By construction, both
forms vanish on all points of index greater than 2k
F
, and the sum of each over points of index 2k
F
is x(n~kF).
This gives agreement on n!k
F
#1 coordinates.
Therefore +
i
b
F
D
pÇi
"k
F
xn~kF. Combining this with the previous lemmas, the result follows. K
Lemma 4.11. ‚et JLM1, 2 , nN be a subset with DJD elements. „here exists a unique ,xed point F of
index 2DJD so that a
j
D
F
"x for all j3J.
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Proof. We apply Lemma 4.5 to a
J
"<
j|J
a
j
and a
J
"<
j|J
a
j
. The restriction a
J
D
F
"0 for all critical
points F of index less that 2DJD. By the previous lemma, the same is true for a
J
. Also,
a
J
D
q
n
Ç
"a
J
D
p
n
Ç
"x@J@. This gives the necessary agreement on DJD#1 coordinates.
Therefore, +a
J
D
piDJD
"+a
J
D
piDJD
"xDJD . K
5. Cohomology rings of reduced spaces
One corollary of Theorem 2 is that the cohomology of the reduced spaces can also be computed.
Again the classical manifold invariants are given by the same formulas as in the case of (P1)n.
Corollary 1. ‚et M be a compact, connected symplectic manifold equipped with a semi-free Hamil-
tonian circle action with isolated ,xed points. Denote the moment map for the circle action by k, and
suppose 0 is a regular value of the moment map. „hen the cohomology ring of M
3%$
, the reduced space
at zero, is given by
H*(M
3%$
; Z)"Z[a
1
,2, an, y]/R,
where R is generated by the elements
1. a
i
y!a2
i
for all i3(1,2, n),
2. <
j|J
a
j
for all JL(1, 2, n) such that k (F)’0 for the corresponding ,xed point F, and
3. <
jNJ
(y!a
j
) for all JL(1,2, n) such that k (F)(0 for the corresponding ,xed point F.
„he Chern series of the reduced space is given by
c
t
"<
i
1#t(2a
i
!y).
For the case that M"(P1)n, the reduced space is a toric variety, and the result above was proved
by Haussmann and Knutson [6]. For the general case, we use the following proposition from [9].
Proposition 5.1. ‚et S1 act on a compact symplectic manifold M with moment map k : MPR. Assume
that 0 is a regular value of the moment map. ‚et F denote the set of ,xed points. Assume that for every
prime p, one of the following two conditions is satis,ed:
1. „he integral cohomology of F has no p-torsion, or:
2. For every point m3M which is not ,xed by the S1!action, there exists a subgroup of
S1 congruent to Z/p which acts freely on m.
De,ne
K
`
:"Ma3H*
SÇ
(M; Z) DaD
F`
"0N, where F
`
:"FW/~1(0, R),
K
~
:"Ma3H*
SÇ
(M; Z) DaD
F~
"0N, where F
~
:"FW/~1(!R, 0), and K :"K
`
=K
~
.
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„hen there is a short exact sequence:
0PKPH*
SÇ
(M; Z) iPH*(M
3%$
; Z)P0,
where i : H*
SÇ
(M; Z)PH*(M
3%$
; Z) is the Kirwan map.
Note the case of a manifold equipped with a semi-free circle action which has isolated "xed
points is one where there is no torsion at all in the cohomology of the "xed point set, and where any
Z/k-subgroup of the circle acts freely outside "xed points. Hence both of the conditions in
Proposition 5.1 are satis"ed.
By another slight variation of Theorem (4.3), for each "xed point F of index 2k such that
k(F)’0, there exists a cohomology class A
F
3K
`
such that A
F
D
F
"xk and so that A
F
D
F{
"0 for all
other "xed points F@ such that the index of F@ is less than or equal to k, Moreover, taken together
over all "xed points, there classes are a basis for K
`
as a module. Because these classes are unique,
it is clear that A
F
"<
j|J
a
j
, where J is the corresponding subset of M1, 2 , nN.
Similarly, K
~
is generated by cohomology classes of the form <
jNJ
(y!a
j
) for all JL(1,2 , n)
such that k (F)(0 for the corresponding "xed point F.
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